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Rearrangement transformations 
on general measure spaces 



Santiago Boza and Javier Sori 



Abstract. For a general set transformation TZ between two measure spaces, we define the 
rearrangement of a measurable function by means of the Layer's cake formula. We study some 
functional properties of the Lorentz spaces defined in terms of TZ, giving a unified approach 
to the classical rearrangement, Steiner's symmetrization, the multidimensional case, and the 
^ ■ discrete setting of trees. 

O 

o 

(N 

C^: 1 Introduction 

ly-^ I Given two measure spaces (X, T,x,fi) and {Y, Sy, u) we consider a general set transformation 
TZ : Ex — > Sy. We denote by the rearrangement of a /i— measurable function / with respect 
' the transformation TZ by means of the "Layer cake formula" (see [12]): 



oo 



fniy)= X'R.{{x&X:\f{x)\>t})iy) dt, (1) 



whenever it defines a //-measurable function on Y. 

For Y = (0, oo) and TZ the transformation defined by TZ{E) = (0, \E\), where \E\ denotes the 
> ■ Lebesgue measure of a set E E Sx, we have that = f*, the usual decreasing rearrangement 
of a measurable function / defined on X, which we will refer as the classical case (see for 
more information). 

O ' 

^ I Formula ([T]) has been used recently to define the rearrangement of functions with respect 

O I to some order in very different contexts: in [01 dUj a new decreasing rearrangement is defined 

' I— 1 

Q I for functions on homogeneous trees and in [3] a multidimensional rearrangement is considered 

for functions on M". 

^ , The work is organized as follows: in Section 2 we develop the main results concerning 

general rearrangements from a measure theoretical point of view. In Section 3 we introduce 
the weighted Lorentz spaces associated to this general kind of transformations and also we 
review some functional properties for these spaces in two known contexts: the multidimensional 
rearrangement and the rearrangement on homogeneous trees, completing the characterization 
of normability already proved in [31 [H]. The theory that we develop allows us to unify and 
extend these kind of results to two kind of preserving measures rearrangements that appear 
very frequently in applications: Steiner's symmetrization and spherical rearrangements. 
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2 General rearrangement transformations 



In this section, we review how the basic results, well-known in the classical theory, actually imply 
some a priori assumptions on TZ which, in many cases, turn out to be equivalent statements. 
From ([1]), we observe that the rearrangement of a function is a non degenerate transformation; 
that is, / ^ implies ^ 0, if there exists F G Sy with i^(-F) > such that a.e. y E F, there 
exists Ay G (0, oo), with positive Lebesgue measure, such that y G flteAy^il/l ^ 0- clear 
from the definitions that having a non degenerate transformation implies that z/(7^(0)) > 0, or 
u{TZ{E)) > if /i(-E') > 0. The reverse property is also true if 7^ is a monotone transformation, 
in the sense that E G F implies 'R-{E) C TZ{F). 

To show that more conditions, like monotonicity, are necessary to have a non degenerate 
transformation, let us consider the following counterexample: assume that X is a subset of R'^ 
of finite measure and Y = {0,oo), with TZiE) = {\E\,2\E\) (here \E\ denotes the Lebesgue 
measure of the set E C X), which is not a monotone rearrangement. An easy application 
of the Layer's cake formula shows that f^it) = f*{t/2) — f*{t), where /* denotes the usual 
rearrangement of / with respect to the Lebesgue measure. We deduce then that any constant 
function / has f^{y) = 0, and so the transformation 71 is degenerate, although in this case, 
v{n{E)) > if /x(^) > 0. 

Remark 2.1 A simple non-negative function / can be written as f{x) = XlfcLi bkXFki^), with 
{bk)k > and {Fk)i<k<N an increasing sequence of sets. In this case, ([H) gives us that 

N 

fUy) = '^bkXnFk)iy)^ a.e. yeY, (2) 

k=l 

provided that the transformation TZ satisfies z/(7?.(0)) = 0. In fact, this condition is necessary 
for ([2]) to hold. Thus, from now on, we will always assume that i/(7^(0)) = 0, and hence 
{XaYti = Xn(A), a.e., for all A G S^. 

Also, assuming in addition that 7^ is a monotone transformation on Sx, for f{x) = 
J2f=i (^jXEj (2;), with ai > 02 > ■ ■ ■ > ctAT > and Ei H Ej = (J), i ^ j, then 

TV 

fniy) = ^ajXnFj)\n{F,^i){y), a.e. yeY, 
i=i 

where Fj = Ui=i Ek, and Fq = 0. 

Lemma 2.2 Suppose /, g are measurable functions on X, andTZ is a monotone transformation. 

(a) If\g\ < I/I a.e., then < f^. 

(b) {fn>t}^n\f\>t}£{fn>t}. 
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Proof: (a) is a consequence of the monotonicity property on 7^, because if \g\ < |/| then 
X7^(|9|>t) < XTi(\f\>t) and hence < f^. 

To show (h), 6.x y eY such that f^{y) > t, which is equivalent to 



xn\f\>s)iy) ds > t. 



Then, \{s G (0, oo) : y E TZ{\f\ > s)}\ > t; i.e., there is > such that 

(0,t + £,) C {s e (0,oo) : yen{\f\>s)}, 
and hence y E 7l{\f\ > t). Therefore, we have proved that: 

{/^>^}g7^{|/|>t}. (3) 

On the other hand, since y G 7?.(|/| > t) then y G 7?.(|/| > s), Ws G [0,t] and hence f^{y) > t. 
Therefore, 

n\f\>t}g{fn>t}. (4) 
To see (c), we use (jH)) and obtain 

POO POO 

{\fnn{^)= Xn{\f\v>t){x) dt = p j tP'\n{\f\>t){x) dt 
Jo Jo 

poo pf* {'^) 

> P / t''~'x{r^>t}{^) dt = p r t^~' dt = ifirix). 

Jo Jo 
On the other hand, the inclusion (jll) establishes the reverse inequality 

oo 







< p / t'~'x{f^>t}{x) dt=p t^~' dt = if^rix). 

Jo Jo 



□ 



Definition 2.3 We will say that the transformation TZ satisfies the Fatou property if for every 
increasing sequence of positive measurable functions fn converging to f, fi-a.e., we have that 
also {fn)Ti converges increasingly to {f)\, v-a.e. 

The following lemma proves that the Fatou property is equivalent to the fact that the trans- 
formation TZ preserves increasing sequences of sets. The notation {Aj)j | A used below means 
that Aj C Ajj^i, and A = UjAj. 
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Proposition 2.4 Let (X, and (F, Sy, z/) be two measure spaces and TZ : Sy. 

Then, the following statements are equivalent: 

(a) TZ satisfies the Fatou property. 

(h) For every increasing sequence of sets {Aj)j ] A, {lZ{Aj))j \ 1Z{A). In particular, TZ is 
monotone. 

(c) For f and fn, n>l, measurable functions on X, 

I/I < liminf ^ < liminf(/„)^. 

n^oo n— >oo 

Proof: 

First, assume that TZ satisfies tlie Fatou property. The condition {Aj)j | A is equivalent to 

X{Aj){.x) ] Xa{.x) for every x & X and hence, using ^ 

iXA,)n{y) = Xn{A,){y) T Xn{A){y)- 
To prove that condition (b) implies (c), we define for a fixed A > 0, 

E:={x:\f{x)\>\}, E„ := {x : |/„(x)| > A} (n = l,2,---). 
Clearly, E C |Jm>i V\n>mEn and hence, using (b), 

n{E) ^ ^( u ( n ^«)) = u ^( n ^ u n ^(^") = immf 

^ m>l n>m ' m>l n>m m>l n>m 

This inclusion implies that, for y G F, 

XnE){y) < liminf X7j(i?„)(l/), 

n — ^oo 

and then, using ([T]) and Fatou's lemma 

fn < liminf(/„)^. 

n— >oo 

Finally, it is easy to see that (c) implies that TZ is monotone. Now consider fj | /. On 

the one hand, by Lemma (/jOtj, < fn ^^^^ l™supj(/j)^ < and by hypothesis, 

/•^ < liminfj(/j)^, which proves (a). □ 



Theorem 2.5 Let TZ be a set transformation between two measure spaces (X, Sx,/i) and 
(y, Sy,z/). Assume that TZ satisfies the Fatou property. Then, the following are equivalent 
conditions: 
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(a) ii{A r\B)< u{n{A) n n{B)), for every A,B e^x- 

(b) ^1^ — I-R{A) ^Ti f^''^ every non-negative measurable function f on X , and A e Ex- 
(^) Ix f 9 '^1^ — Iy fn9h f^''^ every non-negative measurable functions f and g on X. 

Proof: Let us assume (a). Using the Fatou property, it is enough to prove (b) just for a simple 
function of the form 

N 

/(^) — '^^^jXEj{x), with {bj)j > and Ej an increasing sequence of sets, 

since we can always find a sequence {sk)k of simple functions such that < (si)^ < • • • < 
{skYn < fn and (sfc)^(y) ^ /^(y), as A; ^ oo, a.e. yeY. 
Then, 

„ iV N 

I g dii = Y^ bjii{A n Ej) < ^ bju{n{A) n n{Ej)) 

i=l 3=1 

= ^^3 I Xn{Ej)iy) dv{y)^ I g^^ du. 
j=i Jt^{a) Jn{A) 

To prove (c) assuming (b), we can also suppose f{x) = Yl!j=i'^3XEj{x)-, aj > and Ej an 
increasing sequence of sets. Then, by (b), 

» N N 

fg dl^^y^^^J g dn<Y] aj / du 

= / J^^^^T^i^j^^y^sniy) dv= I fn{y)gn{y) d^- 
Jy j=i Jy 

Finally if we take f = Xa and = in condition (c) we obtain (a). □ 



Definition 2.6 We will say that TZ is a measure preserving transformation from Ex into Ey, 
ifn{E) = v{n{E)), for every E e Ex- 

Proposition 2.7 Let us suppose that TZ is a monotone transformation. Then, the following 
statements are equivalent: 

(a) TZ is a measure preserving transformation. 

(b) If s{x) — Y^^=i^jXEj{x)^ with ai > a2 > ■ ■ ■ > ajsf > 0, Ei n Ej — 0, i ^ j and p > 0, 
then 

s{xr di,{x) = / {sl^ny) du{y). 

JY 
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Proof: If 7^ is a monotone measure preserving transformation, and -EflF = 0, with fi{E) < oo, 
then 

iy{n{E UF)\ n{E)) = v{TZ{E U F)) - v{n{E)) = ^i{E U F) - = 
Thus, (b) follows by Remark 12.1^ since 

TV 

{snfiy) = ^a^jXn{F,)\nF,-i)iy), 
with Fj = IJfc=i ^k, and Fq = 0. (a) follows from (b) by taking s = xa- D 



3 Lorentz spaces and symmetrization 

In this section we prove some properties of a new type of Lorentz spaces, defined using the 
general transformations 71. Let f be a weight on Y (i.e., v G L^^^iY, du), v >0 and satisfies the 
following non-cancellation property: if fi{A) > 0, then /^^^^ v{y) du^y) > 0), and < p < oo. 
We will say that a /x-measurable function on X belongs to the Lorentz space A^(f), provided 
Wfh^^iv), defined by 

I|/||a^,(.) := (^J^ifnivW v{y) du{y)^ \ (5) 

is finite. The case X = W\ Y = M+, n{E) = (0, \E\), and v{y) = yP/i'^ gives the classical 
Lorentz space: A^(w) = L9'P(R"). 

The question whether the functional defined in ([5]) is a norm was answered by Lorentz in 
the euclidean case (see [I3] for a proof and [8],[T1] for related questions). Also, M.J. Carro and 
J. Soria ([7j) characterized the weights v such that it becomes a quasi- norm, if X is no atomic. 
Later, in [H], the quasi-normability was completed for all X. The analogous characterization was 
established in [3] for the multidimensional rearrangement and in [9] for the case of homogeneous 
trees. In this section we give partial answers to this question in the context of a general 
transformation 7^, satisfying the Fatou property, between cr-finite measure spaces X and Y 
(from now on, we will always assume these two conditions). 

We adopt the notation V{E) = J^v{y) du^y), for every measurable set £" C F and every 
weight V in Y. Then, the functional ([5]) has the following description: 

Lemma 3.1 Let < p < oo. Then, for all f G A^(t>), we have 

i/p 



pAP-V(7^(|/| > A)) rfAj . (6) 
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Proof: Using Lemma 12.21 (c) we have: 

i/p 

Ia-.m = ( / iifruyyviy) duiy)' 



Y 



Then, by ([T]) and Fubini's Theorem, 

= ( / ( / xn\f\^>^)iy) ) '"(y) My) 



Y \J0 



oo \ \ 1/p 



00 / p \ \i/p 

V^-^(l/l>0 / / 

□ 

Our first result gives a characterization of the quasi-normabihty of the functional defined in 



ED 



Theorem 3.2 The functional \\ ■ Wa^^^v) ^■^ o quasi-norm if and only if there exists a constant 
C > such that 

V{JZ{A U B)) < C{V{niA)) + V{niB))), (7) 

for all sets A,Be Sx- 

Proof: Assume first (171): by Lemma \3A\ if ||/||A^(t,) = 0, then 

v{n{\f\>x}) = o, 

for all A > 0, and by hypothesis > A}) = 0, for all A; that is / = 0. Also by Lemma [XT| 

the hypothesis and the monotonicity in TZ, we have: 

POO 

11^ + ^11^^ = / P>^'^'vmf + g\>\))dX 

/•CXD 

< / J9A^-V(7^({|/|>A/2}U{|(7|>A/2}))ciA 

(/■oo /"OO \ 

y VX^-^V {Jl{\f\ > A/2)) d\ + J p\P~^V{n{\g\ > A/2)) d\\ 

(poo POO \ 

/ p\p'^v{n{\f\ > A)) d\+ p\p-^v{n{\g\ > A)) d\\ 

Conversely, suppose that the functional is a quasi-norm and take A and B. Then, 
V{n{A U S))i/P = \\xaub\\a-,{v] < C{\\xa\\ A^^iv) + IIxbIIa^m) 

= c(\/(7^(A))l/p + v(7^(5))l/^^) < civ{niA)) + v{n{B))f'p. 

□ 
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Then, 



Concerning the normabihty of A^(f), we can estabhsh the following partial results: 
Theorem 3.3 Let 1 < p < oo, and v be a weight on Y . If \\ ■ \\/^p is a norm then, for all 

a,bej:x, 

v{n{A u B)) + v{n{A n b)) < v{n{A)) + v{n{B)). (8) 

Proof: If II • ||a^(i)) is a norm, take A,B C X, 5 > and define the functions 

f{x) = (1 + 5)xa{.x) + X{aub)\a{.x) 

and 

g{x) = (1 + 5)xa{.x) + X{AyjB)\B{.x). 

fniy) = (1 + ^)Xn{A){y) + Xn{AyjB)\n{A){y), 
9niy) = (1 + S)Xn{B){y) + XniAuB)\n{B)iy), 
{f + 9)niy) = (2 + 25)x7^(Ani?)(z/) + (2 + 5)X7^(Aui?)\7^(AnB)(l/)• 

The triangle inequality and the fact that 1/p < 1 imply 

11/ + ^?IIa5^,„, = ((2 + 26YViniA n b)) + (2 + syviniA u b) \ n{A n B))f'^ 

< II/IIa^,„, + lkllA^,„, = ((1 + 6rv{n{A)) + v{n{A u b) \ n{A))f^ 
+ ((1 + 6Yv{n{B)) + v{n{A u b) \ n{B))f'' 

< 2i-i/p((i + 5Yv{n{A)) + v{n{A ub)\ n{A)) 
+ (1 + 5yvin{B)) + v{niA ub)\ n{B))f'''. 

Collecting terms, dividing both sides by 2p~^((1 + 5Y — 1) and letting 5 — > 0, we finally 
obtain 

v{n{A u B)) + v{TZ{A n B)) < v{n{A)) + v{n{B)). 

□ 

Condition ([H]), in the classical case, implies that \^ is a concave function, and we will refer 
to it as the Concavity Condition. A sufficient condition in a general setting to ensure that the 
functional || ■ ||a^(?;) defines a norm is the following Saturation Property: 

Theorem 3.4 Let 1 < p < oo, and v be a weight on Y such that v coincides with h\ for some 
h defined on X . Then, || ■ ||ap^(^) is a norm if for all measurable functions f in X, the equality 



sup / |/(x) h{x)\ dfi{x) = / f^{y) v{y) du{y) (9) 

{h:h^=v} J X JY 



holds. 
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Proof: We apply Lemma 12.21 (c) and the hypothesis: 

11/ + 9\W^^i.) = i^J^if + gmy) v{y) d,^{y)j = i^j^{\f + g\rAy) v{y) du{y) 

_ i/p 

sup ( / \f{x) + g{x)\P h{x) d^{x) 

{h:h1j^=v} \J X 

< sup I / h{x) dfi{x) j + sup I / 1(7(0;) |^ h{x) dfi{x) 

{h:h^=v} \Jx J {h:h^=v} \J X 

^{fnriy) v{y) dv{y)] '\ { I {gnT^iy) v{y) dv{y)^ 



□ 



Remark 3.5 We observe that in order for || • ||a^(^) to be a norm is not enough that the weight 
V be the rearrangement of some function h defined on X. The conditions are, in general, more 
restrictive: see [U] in the case of trees or [3j in the multidimensional setting. In the next section 
we will deal with these examples. 

Even though normability can fail, completeness of A^(f ) always holds: 

Proposition 3.6 Assume that v is a weight on Y , such that the Lorentz space A := A^(f ) is 
continuously embedded in the space Ll^{X), and \\ ■ ||a is a quasi-norm. If (fn) is a Cauchy 
sequence in A then, there exists a measurable function / G A such that lim^^oo 11/ ^ /nlU = 0. 

Proof: Since || ■ || is a quasi-norm and (/„) is Cauchy, there exists a constant C > such that 
ll/nlU < C < OO, for all n eN. 

Since X is a-finite, let us write X = [Jf^^i A^, with fi^A^) < oo and A^ an increasing 
sequence of sets. 

It is clear that fnXAk is a Cauchy sequence in L^{Ak) and hence the sequence fnXA^ converges 
to a function gk in L^(Afc), for each k. Let us define / := gu in Ak, which is well-defined by the 
monotonicity of A^. We have to prove that fn^f'oi A. By standard arguments, we can find 
a subsequence fj^ f a.e. x E X. Then, by Proposition 12.41 (c) and Fatou's lemma, we have 
that / G A, and 



Unfiy) v{y) duiy) < j^\immf{f,J^ v{y) du{y) 

< hminf / {f)J^ v{y) du{y) = liminf ||/,J|^ < C^. 

k Jy k 

Using Fatou's lemma again and the fact that {fk)k is a Cauchy sequence, we finally get 
11/ - /nlU < C{\\f - /,J|a + II/,, - /„||a) ^ 0, 
as n, /c — >• oo. □ 
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Definition 3.7 A weight v defined on the space Y is called TZ- admissible if for every A G 
and all < e < J-j^r^^^s v{y) dv{y), there exists IZi^B) C 7^(v4), such that j^,^^ v{y) dviy) = e. 



Now, we can show the following necessary condition on p for which the functional || • ||ap^(^) 
defines a norm: 

Theorem 3.8 Let v he an IZ-admissihle weight and < p < oo. If A^{v) is a Banach space, 
then p > 1. 



Proof: Since A^(f ) is a Banach space, there exists || ■ ||, a norm on A^(f ), such that ||/||A^(t)) 
1. Hence, 



N 



N 



N 



k=l ^n(^) k=l k=l 

for all N E N. Suppose < p < 1. Due to the hypothesis assumed on v, we can take a 
decreasing sequence of subsets 

Ak+i cAk---cX, 

such that STz.^^Ak)^^y) '^'^(^) = = '^^Xa^-, then \ fk\kl^{v) = 1- But for a fixed N, we 

have 

1 

N 



N 



k=l 



<C <oo. 



On the other hand, since by Remark O (Zlf=i 2^XaJ^ = Y.k=i'^^Xn{Ak) and TZ{Ak+i) C 
TZ{Ak) C ■ ■ ■ C F, we have (taking n{AN+i) = 0), 



1 

N 
1 

N 



N 



k=l 



1 

N 



N 



A^Cf) k=l 

5^2\7^(A,) (y) viv) diy{y) 



,k=l 



i/p 



)\niA,+,){y) v(y) dv{y) 



> 



N 
C 



v{y) dv{y) - 



\fc=i \j,=i 

(|:(i-2-r)"'>^(E2-') 



i/p 



v{y) dv{y) 



TliAk+i) 



l/p 



^ oo^ as — oo. 



which is a contradiction. Hence p > 1. 



□ 
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Remark 3.9 We observe that in Theorem 13.81 the hypothesis assumed on Y is not compatible 
with the fact that F is a completely atomic measure space. In the case < p < 1, if y is 
completely atomic, we observe that the functional || ■ ||a^(«) is a norm if and only if supp v is 
contained in some atom 71{A) such that, for every measurable set 7^(-B) in Y, TZ^A) C 1Z{B). 
Observe that this is the case of the discrete setting (see [9] for a proof in the context of 
homogeneous trees). 

The classical Lorentz spaces are generalizations of the Lebesgue spaces, since A^(l) = 
L^{X). The next proposition shows that for a general transformation TZ, the corresponding 
Lorentz space also satisfies this property provided that 7^ is a measure preserving transforma- 
tion. 

Proposition 3.10 Let < p < oo. Then, 71 is a measure preserving transformation if and 
only i/A^(l) = LP{X), with equality of norms. 

Proof: If 7^ is a measure preserving transformation, by Fubini's theorem and Lemma [2.21 we 
have: 



oo r roo 



Y 



Lp(x) ~ / d^{x) = I I dfi{x) dt = I I duiij) dt 

'x Jo J{\f\p>t} Jo Jn(\f\v>t) 

P POO P 

' / Xn\flp>t)iy) dt dv{y) = / ilfirniv) dv{y) 

Y Jo JY 

{\f\nny) dy{y) = \\f\\l.^^,y 
The converse follows by taking f = Xa- ^ 

In the general context of a monotone transformation TZ between measure spaces. Theo- 
rems [33] and [33] give two conditions (one necessary and the other sufficient) to ensure that the 
functional given by ^ defines a norm. Both conditions are known as the concavity condition 
and the saturation property, respectively, and are equivalent in the classical setting. Moreover, 
they are also equivalent to the fact that the weight v must be decreasing (see [T3]). 

In the case of the two-dimensional rearrangement it has been proved that ([5]) is a norm 
if and only if the concavity condition holds and the weight v defined on is a decreasing 
function that only depends on one variable (see [31 Theorem 3.7]). On the other hand, in the 
case of rearrangement defined on homogeneous trees it has been shown (see [H], Theorem 4.9]) 
that the saturation property holds for linear decreasing weights (see [10] for the definition) and 
both conditions are equivalent to the fact that ([5]) defines a norm. 

We can briefiy resume these conditions in the following list: 

(Norm): ^ defines a norm. (CC): Concavity Condition ([H|). 

(SP): Saturation Property ([9]). (MP): Monotonicity properties on the weight. 
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Then, in the classical setting: 



(Norm) ^ (CC) ^ (SP) ^ (MP), 
in the multidimensional setting: 

(Norm) ^ (CC) ^ (MP) ^ (SP), 

and in the case of trees: 

(Norm) ^ (SP) ^ (MP) =^ (CC). 

We will now complete the missing results in the above list, and extend the equivalences to two 
more rearrangements (spherical and Steiner's symmetrization) . 

In the case of the multidimensional rearrangement, to simplify the notation, we will restrict 
ourselves to the two-dimensional case. We can establish the following saturation property 
which completes the characterization of normability of Lorentz spaces in this context (see 
[21 E]). Also, it is proved in P] that given a function f{x,y) defined on M^, its two dimensional 
rearrangement, /2(s,t), s,t > 0, can be understood as an iterative procedure with respect to 
the usual rearrangement in each variable. More precisely, = (/^ (■, That is, first 

we rearrange with respect to y and after with respect to x. In this case (MP) is given by the 
fact that the weight v{s,t) = v{t), where f is a decreasing function. 

Proposition 3.11 For any measurable function in M^, 

sup / f{x,y) h{x,y) dx dy = / /2(s,t) v{t) ds dt, 

where v{t) is a decreasing function with respect to the variable t G M"*". 

Proof: Applying Hardy-Littlewood inequality with respect the one dimensional decreasing 
rearrangement we have that, 

f{x,y)h{x,y)dydx =11 fx{y) h{x,y) dy dx < / / f*{x,t) h*y{x,t)dt dx 







oo roo 



< / / if;i;t)):is)ih;i.,t))iis)dtds 

'0 Jo 



oo poo 



f;is,t) v{t) dt ds. 

'0 Jo 

To prove the converse, we use that for u a decreasing function (see [i]), 

sup / \f{x)\u{a{x))dx= f*{t)u{t) dt, (10) 
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where the supremum is taken over all measure preserving transformations a : M" — > M"*". 
Let us show that 

/ / {f;i;t)):is)vit)dtds<snp f{x,y) v{aM) dy dx. (11) 

Jo Jo o- iR2 

For a given e > and x G M, using ffTUj) . there exists '■ M — > such that 

/ f;{x,t) v{t) dt< [ f{x,y) v{a,{y)) dy. 
-L + ^ Jm Jr 

We integrate over x G M and obtain 

-j^ f / fOD \ -| ^OO poo 



f;ix,t)vit)dt dx = -— / u;{:tms)v{t)dtds 



< sup / f{x,y)v{a^{y))dydx, 

which gives us f fTTj) . □ 

In the case of a tree, we can complete the set of equivalences by showing that also the 
concavity condition for a function v, defined on the tree, implies that w is a linear decreasing 
weight, which is (MP) (see PHU]): 

Definition 3.12 For two given disjoint sets A and B in the boundary dT of a homogeneous 
tree T , we write A < B, if a < (3 for all a E A and all j3 E B. Then, given two vertices x and 
y in T , we define 

X <y 

if and only if 

X < y or I{x) > I{y), 

where I{x) is the set of all geodesies passing through x. We say that the function f is linearly 
decreasing if f{x) > f{y) whenever x <y. 

Proposition 3.13 Let v be a weight in T. If v satisfies the concavity condition (CC), then v 
is linearly decreasing. 



Proof: Let us consider two vertices x <\y. It is enough to consider the case I{x) > I{y). 

Set A = [a, x] and S = [1, ?/] U [1, x]. If we denote by x — 1 the vertex in the geodesic [a, x] 
with distance to X equal to 1 then, A = A*, B* = [o, y-l]U[l, x], AUB = (AUB)* = [o,y]U[l,x] 
and {A n B)* = [o,x- 1]. 

Applying (CC) for these sets we easily obtain that v{y) < v{x); that is, v is linearly 
decreasing. □ 
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We will now consider two more well-known rearrangements. Let A be a measurable set in 
M", n > 2. The spherical symmetrization of a set A is TZ{A) = A* = B{0, (cr~"'^|y4|)-'^/"'), where 
cr„ is the volume of the n-dimensional ball (see py for further information). To define Steiner 
symmetrization (see fi2[ [5]) of order > 1, we write points in x G M" as pairs x = {x,y) 
with X e R'^"'^ and y & M.^. The Steiner symmetrization of order A; of A is TZiA) = Sk{A), 
the set whose /c-dimensional cross sections parallel to the hyperplane x = are balls with 
measure equal to the corresponding cross sections of A. This symmetrization method shows up 
in applications to PDE's, like the isoperimetric inequality (see [T2l flT] ). 

For / : — > M a measurable function, we define the spherical symmetrization fg^ and 
the Steiner symmetrization {S^f)* of /, using ([1]): 



oo 



fspi^) = / X{f>sr{x) ds, (12) 







oo 



(SkfYix) = / X5fe({/>s})(x) ds. (13) 





First, we observe that, by an easy change of variables in (fT2i) . we obtain that if /* denotes 
the classical decreasing rearrangement of /, 

Fspi^) = rKlxD, X e M". (14) 

In particular, the spherical rearrangement fgp, of a measurable function / in M", is a radial 
decreasing function. 

By a change of variables into spherical coordinates in R*^, we can write the last /c— coordinates 
of a; G R*^, {xn-k+i, ■ ■ ■ ,Xn) as p9k-i, with p > and 9k-i G (the unit sphere in M.^). 

Thus, using IHM . we have that 

(SkfTix) = {hYiakp'), (15) 

where (fx)* is the classical decreasing rearrangement of the function defined on R^ as follows: 
/x(') := f{x, ■), with respect to the coordinates {xn-k+i, ■ ■ ■ ,Xn) G R'^. 

Taking into account these considerations, given a weight v defined on R", we can establish 
the following formula for the functional defining the Lorentz spaces A^^(f), with respect to the 
rearrangement given by the Steiner symmetrization of order k. 

Proposition 3.14 Let < p < oo. Given a weight v defined on R", there exists another 
weight v on R"^^ x R+ such that, for all measurable functions f on R", 

ll/fA. (.) = / rihris) v{x,s) ds dx. 

Proof: This is just a consequence of f|T5l) after a change into spherical coordinates p6k-i, with 
p > and 9k-i G Sfc_i. Then calling s = (TkP^, the weight v associated to v is given by 

v{x, s) := I v{x, {s/akY"'ek-i) dOk-i, {x, s) G R"-'^ x R+. (16) 

□ 
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Remark 3.15 We remark that in the case of Steiner symmetrization of order k = 1 (the 
corresponding to one dimensional cross sections), the associated weight to v is just v{x,y) = 
v{x, y) + v{x, —y), {x, y) G x R+. 

Looking at the formula ( ITOi) . by means of a change into spherical coordinates and the use 
of dH]), we can deduce that, if m is a decreasing function in then the following saturation 
formula for the spherical rearrangement hold: 

sup / u{a{x)) dx = fgp{x)u{an\x\'^) dx, (17) 

where the supremum is taken over all measure preserving transformations a : M" — > M^. 

All these facts lead us to establish the following characterization of the normability of 
Lorentz spaces with respect the spherical rearrangement with essentially the same proof as in 
the classical case (see [IS!)- 

Theorem 3.16 Let v be a weight in M" and p > 1. The following facts are equivalent: 
(a) The functional || • H^p j-^) zs a norm. 

(h) For every A, Be M", V{{A U B)*) + V{{A n B)*) < V{A*) + V{B*). 

(c) The weight v{s) := / f((s/cr„)"^'^"^„_i) (i6'„_i, s E M.'^ , is a decreasing function. 

(d) For all measurable functions f in M", the equality 

sup / \f{x)h{x)\ dx = f^p{x)v{an\x\"') dx 

holds. 

Proof: Theorem 13.31 gives us that (a) implies (b). 

Assume that (b) holds, and consider < e < a < b and the following sets in M", 

A = 5(0, a),B = B{0, b) \ B{0, e). 

Then, 

A = A*, B* = B{0, iV" - 5")^/"), {A U B)* = B{0, b), {An B)* = B{0, (a" - e")^/"). 
Condition (b) implies that 

V{B{0, b)) - V{B{0, (6" - e")i/")) < V{B{0, a)) - V{B{0, (a" - e")^/")). 
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After a change into spherical coordinates (p, ^^n-i) G x ^n-i and calhng s = (TnP^, we 
obtain that the above condition can be written as 

v{s) ds < v{s) ds. 

cr„(fe"-e") Jcr„{a"-e") 

Dividing both sides by a^e" and letting £ ^ 0, we obtain w((T„6") < ■y((T„a"); that is, -u is a 
decreasing function of s. 

That condition (c) implies (d) is equality (|T71) . Finally, we observe that Theorem 13.41 proves 
that condition (d) implies (a). □ 

Similarly, in order to study when the functional || ■ ||ap («) is a norm, we observe that, due to 
Proposition 13. 141 the condition is reduced to the fact that the associated weight v{x,s), defined 
in ( |T6l) . must be a decreasing function in s, and, also with essentially the same proof, we can 
establish the following characterization. 

Theorem 3.17 Let v be a weight in M", J9 > 1 and k > 1 an integer. The following facts are 
equivalent: 

(a) The functional \\ ■ Wa^ (v) a norm. 

(h) For every A, B C M", ViS^iA U B)) + ViSkiA n B)) < + ^(5^(5)). 

(c) The weight v{x, s) defined in /[T^) is a decreasing function in the variable s. 

(d) For all measurable functions f m M", the equality 



sup / \f{x)h{x)\ dx = {Skf)*{x, s) v{x,s) dx ds 

iSkh)*=vjR" JlR"-*xIR+ 



holds. 
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